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This paper gives an extensive tabulation of one- and two-dimensional inverse Laplace 
transforms of complete elliptic integrals. 
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Introduction 

In a recent statistical study of radio wave propagation by the author, 1 a need arose fre- 
quently for inverse Laplace transforms of elliptic integrals. Although comprehensive tables 
of Laplace transforms and inverse transforms are available, 2 none was sufficiently extensive 
for the present purpose. It was therefore decided to extend and systematize those parts of 
existing tables pertaining to complete elliptic integrals, and the present paper is the outcome 
of this endeavor. A substantial portion of the results is believed to be new. 

Throughout this paper, we are adhering to the notations for special functions given in 
the Bateman Memorial Volumes. 3 The complete elliptic integrals denoted by K(k), E(k), 
B(k), C(k) and D(k) are defined as follows: 
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These functions are connected with each other by the following relations: 4 
K=D+B, 2D=K+k 2 C, E=(l+k' 2 )B+k' 2 k 2 C, 

K=2B+k 2 C, E=k ,2 D+B ) (l+k' 2 )K=2E+k*C, 
D=B+k 2 C, E=k' 2 K+k 2 B, (l+k' 2 )D=E+k 2 C, 



where we omitted the argument and k' is the complementary modulus: k' = ^l—k 2 . 

In this paper, a,b,c are always positive, p,q are always real, and all results are extend- 
ible by analytic continuation. The letters DP, ET I, OB, and VD refer to the references given 
at the end of the paper. 



Part I. One-Dimensional Inverse Laplace Transforms 
1. Inversion Formulas for Kik) 
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4 Jahnke, Emde, and Losch, Tables of Higher Functions (McGraw-Hill Book Co., New York 1960), p. 67. 



Part I. One-Dimensional Inverse Laplace Transforms — Continued 
1. Inversion Formulas for K(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 
1. Inversion Formulas for K(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

1. Inversion Formulas for K(k) — Continued 
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2. Inversion Formulas for E(k) 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 
2. Inversion Formulas for E(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

2. Inversion Formulas for E(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 
2. Inversion Formulas for E(k) — Continued 
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3. Inversion Formulas for Bik) 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

3. Inversion Formulas for Bik) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

3. Inversion Formulas for B(fc) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

3. Inversion Formulas for Bik) — Continued 
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4. Inversion Formulas for C(k) 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

4. Inversion Formulas for C(k) — Continued 
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Part 1. One-Dimensional Inverse Laplace Transforms — Continued 

4. Inversion Formulas for C(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

5. Inversion Formulas for D(k) — Continued 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

5. Inversion Formulas for D(k) — Continued 
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6. Some Inversion Formulas for Mixtures of K(k) and Eik) 
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Part I. One-Dimensional Inverse Laplace Transforms — Continued 

6. Some Inversion Formulas for Mixtures of K(k) and Eik) — Continued 
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Part SI. Two-Dimensional Inverse Laplace Transforms 
7. Inversion Formulas for Kik) 
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5 The sign I denotes the convolution with respect to a;: 

/(*,</) I flf(»,!/)= j* f(S,v)g(x-i,y)di. 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

7. Inversion Formulas for Kik) — Continued 



7.3 



7.4 



7.5 



\pq \sm/ 



V>^,q>0,pq>a 2 



rAH) 



P >0, q >0 



■yliiP+i) 



K 






p>0,q>0 






2-yJrxy (x+y) 



7.6 



J(?(p+<L) K \\p+q) 



p>0,q>0 



7.7 



^p{pq+l) K \'\pq+l) 



p>0,q>0,pq>l 



7.8 



7.9 



7.10 



ssp'Gffl ">°'«>° 



if 



(Vfw 



0, y<a; 



2faL g ( lvE*\, 



y< x 



■\T 



^=Jo(-y/2ixy) J (-y/-2ixy) 



2-yjxy 



^o {2a^[xy) 



vsr« K (JK) *>°.**> 



1 



2-K^xy 



K {2ajry) 



Z+a \ JvQ+a J 



-ylpq+a \ V^g+ 



^ /o ^ 



y >o, e >o, pa >a 2 



7.11 



7. 12 



Ji 



(-~i 



■yjpq+a 2 \Vp2+ 



9 



p>0, 2>0 



2V^2/ 



^o (2a^xy) 



-Jpqipq+a 2 ) \y/pq+a 2 J 



I A (§'§ ; M,i;-^) 



7. 13 



V^V 



?+t*(v?f+t) *>°.*>° 



1 Jo(2VW x h{2^%xy) 

2 t[x -yjx 

VD248 (6), DP 465 (53.10) 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

7. Inversion Formulas for K(k) — Continued 



7.14 



1 



Vm+^+Vm 



\ylpq+a 2 +^pq/ 

p>0,q>0 



8-sfxy 



== Jo 2 (a-Jxy) 



7.15 



1 _ k( , a ) 

Upq+a 2 +-y/pq) 1/2 ' \VM+a 2 +VM/ 



p>0, 2 >0 



2V2 r 2 (|) 



T\(*y)-"*Jo(2aJxy) 



7.16 



Vy<z+a 2 (Vm+« 2 +Vm) 1/2 

\VP2+a 2 +VM/ 
?>0, <z>0 



2V2F 2 (|) 



M- 1/4 Jo(2aV^) 



7.17 



(yg) 



-3/4 



(Vm+Vm+<* 2 ) 1/2 



^^(U; 1,1,1;-^) 



yyf a ) 



p>0,q>0 



7.18 



(m) 



-1/4 



Vyg+a 2 (Vy2+VM+« 2 ) 1/2 

p >0, 2 >0 



2-y/2 



•^(f'f; l,l,l;-a*xy) 



7. 19 



V(M+^+c 2 ) 2 +(a 2 -6i)) 2 



I J (ax) Jo (M Jo (2c-y/xy) 



XK[ 



2c-\/ab 



i-pby) 



.y/(pq+ab+c 2 ) 2 +(aq- 

P>0,q>0 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
7. Inversion Formulas for K(k) — Continued 



7.20 



1 



J(pq—ab—c 2 ) 2 —(aq—pb) 2 

xK f W«6 \ 

\^{pq—ab—c 2 ) 2 —{aq—pb) 2 ) 

p>a, q>b, (p-a)(q-b)>c 2 



I I (ax)I (by)I (2ctJxv) 



7.21 



[(Vm+«) 2 +* 2 ] 1/2 

\L(V^+a) 2 +6 2 J / 

P>0, q>0 



7.22 



[Upq+ay-b 2 Y< 2 

P>0, q>0,pq>b 2 



7.23 



[(Vm+«) 2 +* 2 ] ,/2 

x ^(L(Vm+5 2 +& 2 J ) 



P>0, 2>0, M>« 2 



7.24 



[(Vp2+«) 2 -6 2 ] 1/2 

XX (L(V^+5-6 2 J ) 



2>>0,2>0,pg>(a+&) ! 



7.25 



"^(Ghsl]") 



>2l. 

P>0, q>0,pq>a 2 



1=Ko(2(nJxy) cos (2b^xy) 

2-K^xy 



2icjxy 



K (2a^xy) cosh (2b-y[zy) 



^j=/ (2aV^) cos (2bixy) 



— —I (2a-yfxy) cosh (2b^xy) 
2ixy 



4-Vtt 



(xy)~ 3/i e 



3/4 p ±2a y/xy 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
7. Inversion Formulas for K(k) — Continued 



7.26 



^-"^(DHvsbl]'") 



p>o, s>o 



7.27 



>-«>*m-4\T) 



P>0, g>0 



7.28 



■yfc 



Mfr-4T) 



P>0, 2>0 



7.29 



^(Bi-v^iir) 



— j=(xy)- s,i [cos {2a^[xy)± sin (2a-Jxy)] 
4Vir 



1 [_J__~\ m 

2V2r(i)^ 3 ^+^) 3 J 



i r l "i 1/4 
2V2r(|)L^(^+2/)J 



| 8 F,Q,I;i, 1, ljaty) 



i>>0, «>0,M>« 2 



7.30 



L =K (n{ 1 _J^j]'") 

? (7-a 2 ) \L2 1 V Pi) J J 

2>>0, q>0,pq>a 2 



-\lpq{pq — a 2 ) 



7.31 



«--(GM^I]'") 

P>0, g>0, p#>a 2 



7.32 



mm-ttn 



■yjpq 



p>0, q>0,pq>a 2 



7.33 



±-(Ghrar) 



Vp2 



2>>0, g>0, ^>a 2 



| 2 F 3 (|f;i,l,l;a^) 



— JL- (^)-3/*/ (2aV^) 
2r2 G) 



2r : 



(!) 



(zy)-^/o(2aV^) 



4V^2/ 



I 2 (a^xy) 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
7. Inversion Formulas for K(k) — Continued 



7.34 



7.35 



1 



[(pq-a 2 +b 2 ) 2 +4:a 2 pq] l/A 

pq—a 2 +b 2 



XK 



m- 



V(M-« 2 +& 2 ) 2 +4 



=i~n 



P>0, q>0 



[(pq-a'-by+itfpq] 1 '* 

VL 2 i V(M-« 2 -^ 2 ) 2 +4 



=!T1 



p>0, q>0, pq>b 2 



— ~= J (2a-y[xy) cos (2b-y/xy) 
2\xy 



— = J (2a-y/xy) cosh (2b-\Jxy) 

2-yjxy 



8. Inversion Formulas for Elk) 





j * r e -" x -«'f(x ! y)dxdy 
Jo Jo 


fix, y) 


8. 1 


^(vfJ ^>^>°-m>« 2 


l>F^y-;i,l,l;a 2 xy) 


8.2 


M-a 2£ (v^) ^>^>°'^>° 2 


| 2 F 8 Q,|;i,l,l;a^) 


8.3 


(p%A^ ^>°^>°-M>« 2 


z^xy 


8.4 


3^ g ( a ) 

(pa— « 2 )Vs \Vm/ 

P>0, q>0,pq>a 2 


^/ (2aV^) 


8.5 


irA^-l) »>°-*>° 




R fi 


7Tl ^ I 7>^>0 <7^>0 


2 /— Jo(2aJxy) —aJ&a^xy) 


o. u 


-yjpi+a 2 \jpq+a*J 


8 7 


Wi a i 7*^0 <7^>0 


J^J Q (2a-y!xy) 


o. I 


q-y/pq+a 2 \jpq+a 2 ) 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

8. Inversion Formulas for E(k) — Continued 



^Jpq(pq+a 2 ) Wm+W 



8.9 



8.10 



Vgg+ 



(paY 



a 2 F ( a \ 

12 Wm+W 



P>0, q>0 



_ 1 E f Mpqtl ) 

Upq-a) 2 Upq+a) \ -Jpz+a J 

P>0, S>0, pq>a 2 



8.11 



_ p E / [4affi] 1/2 \ 

(^pq-a) 2 (-y/pq+a) \ -jpq+a ) 



2 2 ^ 3 \2'2 ;i ' l} 1; ~ a2x V) 



2Fz\— 2 ; 2 ;i ' lj 1; -^2/) 



2^xyI (2a^Jxy) 



^ [/o(W^)+2aV^/i(W^)] 



2>>0, q>0,pq>a 2 



8. 12 



_ ffg g / [4aVpg] 1/2 \ 

(■\Jpq—a) 2 (-y/pq+a) \ ^pq+a J 

P>0, q>0,pq>a 2 



^j= [l+4^7/]/ (2aV^)+2a/ 1 (2aV^) 



8. 13 



V(^+a6+c 2 <) 2 +(a(Z-i>&) 2 

j p 2 g+g^ 2 +pc 2 



| yJ Q (ax)Jo(by)J (2c-y/xy) 



X 



[Q;2+a&+c 2 ) 2 +(a2-p6) 2 -4a6c 2 ] 
2cV&& 



X# 



-pb) 2 ) 



j(pq+ab+c 2 ) 2 +(aq-pby 
P>0,q>0 



8. 14 



-yJipq—ab—c 2 ) 2 — (aq—pb) 2 



| yI (ax)I (by)I (2c^xy) 



X 



p 2 q—qa 2 —pc 2 



[(pq+ab+c 2 ) 2 — (aq—pb) 2 — iabc 2 ] 
2c^Jab 



XE 



,V (pq—ab—c 2 ) 2 — (aq—pb) 2 / 
P>a, q>b, (p-a)(q-b)>c 2 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
8. Inversion Formulas for E(k) — Continued 


8. 15 
8. 16 
8. 17 


1 


-rl (2a^xy) sin (2b-yjxy) 


[(Vm-<*) 2 +& 2 ] [(VM+a) 2 +^ 2 ] 1/2 

/I" 4a Vm T /2 \ 

x VL(V^) 2 +6 2 J ) 

P>0, (1>0, pq>a 2 


P 


y|| 7 (2aV^) cos (2&V^/) 

+ |/ 1 (2aV^) sin(26V^)J 


[(Vk-^) 2 +6 2 ][(V^+«) 2 +6 2 ] 1/2 

x VL(Vm+^) 2 +H ) 


pq 


,— [7 (2a-\/xy) +4a^xyl l (2ajxy)] 
z^Jxy 

X cos (2b^xy) 
+ 2a(^- -A-yJxy I (2a^xy) sin (2bjxy) 


[Upq-ay+b 2 ] [(Vm+^) 2 +& 2 ] 1/2 

x KL(VFrH)M-d ) 

P>0, 2>0, m>« 2 


8. 18 


1 


^I (2a^xy) sinh (2b-y/xy) 


[(VM-a) 2 -6 2 ] [(Vm+«) 2 -^ 2 ] 1/2 

VF /T 4a ^ T /2> i 

P>0, Z>0,pq>(a+b) 2 


8. 19 


V 


<J-\ I (2a^xy) cosh (2bTfxy) 

+ ( ^I l (2a^xy) sinh (2b-y[xy) 


[Up(L-a) 2 -b>] [(Vm+«) 2 -^ 1/2 

X K[(^+a) 2 -J ) 
^>0, g>0, m>U + &) 2 


8.20 


pq 


2-v/rT ^° ( 2a ^ xy ^ + 4a V^/^i (2aV^2/)] 
X cosh (2b-y[xy) 

+2a^ + ^jjxyl (2ajn/) sinh (26 V^) 


[Upq.-a) 2 -¥][U m +ay-b^ 

XE {[uM+ay-v] ) 

p>0, g>0, m>(<* + &) 2 
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Pari- II. Two-Dimensional Inverse Laplace Transforms — Continued 

9. Inversion Formulas for Bik) 


9. 1 


f" f "«-"-■»/(*, y)dzdy 

Jo Jo 


/0, y) 


p\ B (vh) P>o,a>o, P o>i 


4 sjx tJx 

1J 2 (2V^) %H 2 ^) 
4 V* V* 


9.2 
9.3 
9.4 


k B tm) *>^> o ^>« 2 


^2^3^2'2' 2 ' *> i^Vy 


mv(v^) *>*'*>*>**>* 


|^(|»|;2,l,l;a*jv) 


-Lb(-±=) p>0,q>0,pq>a* 
■\lpq \ipqj 


4az2/ 7 '( 2a ^2/) 


9.5 


,^ 9 2 Mt~) ^>0 ; 2>0 )jP2 >« 2 
{pq-a 2 ) \yjpqj 


[ c+ 4aJ^( 2a « 


9.6 


(pg-a 2 )-yjq \ylpaJ 

P>0, 0.>0,pq>a 2 


-^[/ (2aV^)+/ 2 (2aV^)l 
2-ya; 


9.7 


1 r-*( a A 

(pq—a?Hpg \ipqj 

P>0, q.>0,pg>a 2 


-I 1 (2a^Jxy) 

(Jb 


9.8 
9.9 


^(aH) * >0 > s>0 


-yjx 


2^y(x+yy 


^KV'-|) " >0 ' s>0 


-yly 

^irx(x+y) 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

9. Inversion Formulas for Bik) — Continued 



9. 10 



^pq.+a 2 W2>2+a 2 / 



9.11 



9. 12 



9.13 



q^Jpq+a 2 \^pq+a 2 J 



^P<l(p<l+a 2 ) Wm+W 



Vp¥+i 



B 



U>¥+i/ 



P>0, g>0 



9. 14 



JnTa {{Jl ^mIJ / 



p>0, g>0, pq>a 2 



9. 15 



-,-1/4 



V^+Vtf 



-(GMD 



F>0, 2>0 



9. 16 



£b'(G{H9D 



V5C 



2>>0, 2 >0 



9.17 



P>0, 2>0, M>« 2 



— ^= [Jo(2aV^)— J 3 (2aV«y)] 



2^J,(W^) 



1 2 ^ 3 ( 2 ' 2 ' 2 ' *' 1;_ °^V 



1 J (2^ixy) x l (2^ixy) 
4 Vx * -fx 



1 J 2 (2-yJixy) x I 2 (2^ixy) 
VD 248 (7), DP 464 (53.6) 



■j=(xy)- l ' i e ±2a ^ x ' 1 



i r x i l < 



i r y 1» 



| 2 F,(|»|;2,l,l;o^) 
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Port II. Two-Dimensional Inverse Laplace Transforms — Continued 

9. Inversion Formulas for Bik) — Continued 



9. 18 



1 



^pq—a 2 (-y/pq+^pq—a 2 ) 

p>o, g_>o,pg.>a 2 



I 2 ^ 8 (i'4 ;2, lj 1;a2 ^) 



9. 19 



(M)- 174 



Upq+^pq-a 2 ) 

P>0, q>0,pq>a 2 



8r : 



^(xy)-^I 1 (2a^xy) 



<!> 



9.20 



■ylpqUpq+^pq—a 2 ) 2 

x-(D!'-V^IH") 

P>0, q>0,pq>a 2 



J^y™ xy) 



9.21 



-yjp 



V(z(Vp2+-v(p2— a 2 ) 2 

p>0, q>0,pq>a 2 



^/.(W^l/.W^J-^W^)] 



9.22 



[(pq-a 2 +b 2 ) 2 +'ia 2 pq] 1 ' i 
P 



— Ji(2a^Jzy) cos (2bjxy) 



X 



pg-a 2 +6 2 + V <j>g-a 2 +& 2 ) 2 +4a 2 M 
/rif 1 _ yg-a 2 +6 2 



XB 1 



J) 



2} J( pq -a 2 +b 2 y+4a 2 pq) 

p>0,q>0 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
9. Inversion Formulas for Bik) — Continued 



9.23 



9.24 



9.25 



[(pq-a 2 +b 2 ) 2 +4:a 2 pq] 1/4: 

pa 



x 



pg-a 2 +b 2 +^( p q-a 2 +b 2 ) 2 +ia 2 



(G 



XB l 



pq—a 2 +b 2 



pq 



]"*) 



V(^-a 2 +6 2 ) 2 +4a 2 pg| 

p >0, 2 >0 



1 



[(pq-a 2 -b 2 ) 2 +4a 2 pq] l/i 
V 



X 



pq—d 2 —b 2 +^(pq—a 2 —b 2 ) 2 +4a 2 pq 



([i 



XB 1 



pq—a 2 —b 2 



]'") 



2} V(P2 — * 2— & 2 ) 2 +4a 2 ^<zJ 

p >0, ? >0, p2>6 2 



1 



[(M-a 2 -& 2 ) 2 +4aW /4 
M_ 



X 



XB 1 



pq—a 2 —b 2 +^ (pq—a 2 —b 2 ) 2 +4a 2 pq 

pq-a 2 -b 2 1 "1 1/2 \ 

.21* V(M-a 2 -i 2 ) 2 +4a 2 MlJ / 

p>0,q>0,pq>b 2 



0? 



1 



^^ [a{j (2aV^)-J 2 (2aV^)} 

Xcos (26 V^) 

—26 J&ajxy) sin (26V^/)] 



— J x (2a^Jxy) cosh (26 V*y) 



^= Mj (2aV^)-^ 2 (2aV^)} 

Xcosh (26 V^) 
+26Ji(2aV^) sinh (26 V^)] 



10. Inversion Formulas for C(fc) 





f" r e-"-«f(x,y)dxdy 

Jo Jo 


/(*j y) 


10.1 


P T \P2/ 


p>0,q>0,pq>l 


1 J 2 (2Vm/)z/ 2 (2Vw/) 

2 V^ V^ 


10.2 


V<L \jpqj 


P>®, 2>0,^2>a 2 


i^l^l,!;^) 
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Part II. Two-Dimensional Inverse Laplace Transforms— Continued 
10. Inversion Formulas for Clk) — Continued 


10.3 


-L O (-fL) p>0, q>0, pq>a> 


2V _[l (2aV, 2 /) 2aV ^/,(2aV^) 

4a^/ 2 ° W ^ ) 2aV - 7 3( 2 ^^)] 


10.4 


^W C U v>«>*>^>* 


2a^ J2(2aV ^ } | 


10.5 


-t=c(-?=\ ^>0,g>0, M >a 2 


^|^27 1 (2aV^)-^/ 2 (2aV^)l 


10.6 


vHV 1 "!) "> ' s>0 


■yjxy 
-ylir(x+yy 


10.7 


p>0,2>0,pq>l 


^J 1 ^2ixy)J 1 {^-2ixy) 

i 


10.8 


1 Of a \ r^> n , «%o 


9 ,— J 2 (2a^xy) 
2 a 2 -y/xy 


(pi+a 2 y^\j M+a >J T - • 1 - 


10.9 
10.10 

10. 11 


T n( a \ «^o, o^o 


j^ZJi (2a^) ^= J 2 (2aV^)l 


(2»2+a 2 ) 8 ' 2 Wp2+eV 


Pi , nf a \ «^n, 7 ^n 


2-yJxy\_ m 2a^xy 

AaHy jMxy) + 2a ^y J3{2 ^ Xy) ~\ 


( M +<* 2 ) 3/2 u Wl»2+«V 


<p*5^(v5F?) * >0 ' 9> ° 


^,(§>§;3,l,l;-a^) 1 


10.12 


. , v.™C( ) #^>0 <7^0 


1 J 2 {2^iry) x I 2 (2-iJvJcy) 

2 -yjx -yjx 

VD 248 (9), DP 464 (53.7) 


(py+d 3/2 w^ 2 2 2 +iy 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

10. Inversion Formulas for C(k) — Continued 



10. 13 



2 c ( \±a^r \ 

+ aY \ Jpq+a J 



(i/pq+aY \ -y/pq+ 



P>o, q.>o,p£>a 2 



~ : I 1 (2a^xy) 



10. 14 



p>0, q>0,pq>a 2 



— I x (2a-y!xy) cos (2b^xy) 



10. 15 



V 



[(Vm+<*) 2 -& 2 ] 3/2 

-([ 



«— Ii(2a^xy) cosh (2b^Jxy) 

oCLX 



4a^pq 



J") 



Upq + a) 2 — b 
p>0,q>0,pq>(a+b) 



10.16 



1 



[(M+a6+c 2 ) 2 +(ag-^) 2 ] 3/2 
2cV&& 



^-2 Ji (as) «7i (6y) J 2 (2c-y/xy) 



Sabc 



XO 



^(pq+ab+c 2 ) 2 +(aq-pb) 2 J 

p>o, €>o 



10.17 



[(pq-ab-c 2 ) 2 -(aq-pb) 2 ] 3/2 
2c^ab 



Sabc 



I 1 (ax)I 1 (by)I 2 (2c-y/xy) 



XC 



K-yJ(pq—ab—c 2 ) 2 —(aq—pb) 2 J 
p>a, q>b, (p-a)(q-b)>c 2 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
11. Inversion Formulas for Dik) 





Jo Jo 


/(*, y) 


11. 1 


k D Qd P>o,^>o,m>i 


1Jo(2Vx2/)*/o(2V^) 

1 J 2 (2V^) x h(2-Jxy) 

4 v* V* 


11.2 


* D (vs) v>«,<L>«,m>« 


|ii f, ,(|'|;2 I l,l;a» aV ) 


11.3 


iPQ. \VM/ 


[/ (2aV^2/)+/2(2aV^)] 


11.4 


-L=d(-^=) p>0, 2 >0, M >a 2 

■\pt \-\PiJ 


2^/!(2«V^) 


1 1 ^ 


T^U'-p) * >0 '* >0 


V# 




2Vira:(a;+y) 3 


11.6 


^o(V-f) *»°.*>° 


■^iry(x+y) 


11.7 


■yjpq+d 1 Xyjpi+a 2 ) 


. Ji(2a^/xy) 
iaxy 


11.8 


< ra +«v« D (v M +«-) y>0 ' ?>0 


- Ji(2<njxy) 


11.9 


< M +V D (v„+«-) !,>0 ' 4>0 


^L [j (2aV^)-J 2 (2aV^)] 


11. 10 


ww-'W ?>0 ' s>0 


[4^- a ] Jl(2aV ^ } 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

11. Inversion Formulas for D(k) — Continued 



11. 11 



11. 12 



•vW 



(pq+a 2 ) 



2\3/2 



D 






P>0, q>0 



D 



M, 



^pq{pq+a 2 ) \^pq+a 



7) 



p>0, q>0 



11. 13 



V*V+1 



D 



Wtf+i) 



i 2 ^ 8 \2 ; 2 ;2, lj 1; ~ a2x y) 



2^3(^^2,1,1;^%) 



2>>o, g>0 



11. 14 



5ff+a) 3 \yjpq+aj 



(Vm+ 



P>0, q>0 



11. 15 



_j D Nvq-g \ 

pq+aY \^pq+aj 



1 JoCgVjgg/) x l (2^ixy) 
4 V* * V^ 



1 J 2(2^ ixy) x hi^-ylixy) 
VD248 (8), DP 464 (53.8) 



2Vz?/ 



K (2ajxy) 



Upq+ 



P>0, q>0 



11. 16 



M 



(vW+ 



a) 3 \^pq+aJ 



p>0, 2 >0 



11. 17 



1 _ Z>2 f ^ = \ 

Upq+a z + ^pqY \^pq+a 2 +^pqj 

P>0, <Z>0 



11. 18 



(■yjpq+a 2 + -yjpq) 



U 



(- a ) 

\^pq+a 2 +-yjpqj 



P>0, q>0 



11. 19 



1 n( a \ 

(V^+^ 2 +Vm) 3/2 \^pq+a 2 +^pqJ 



P>0, q>0 



-y/y 



iryjx 



L [K (2a<y/xy) -2a- y /xyK 1 (2a^xy)] 



—^= [(l+4a 2 xy)K (2a^xy) 
2wixy 



-4a^xyKi(2a-\lxy)] 



8a 2 -yjxy 



r—j^ia-yjxy) 



^ Ji(a^xy) JoMxy) - 



2a^xy 



xJiC 



a-yjxy) 



8V2p(|)a 



(xy)- m JiMxy) 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

11. Inversion Formulas for D(k) — Continued 



11.20 



(M)" 1/4 



D 



(- 



■Jpq+a 2 / 



P>0, q>0 



11.21 



in) m 



■<Jpq+a 2 Wpq + -jpq+a 2 )* 12 

P>0, q>0 



11.22 



lUpq+a) 2 +b 2 \ 312 



X- 



\Wpq+a) 2 +b 2 J J 
p>0, q>0 



11.23 



[(Vm+<*) 2 +& 2 ] 3/2 

X \l(^q+a) 2 +b 2 ] ) 
P>0, q>0 



11.24 



pq 



[(Jpq+a) 2 +b 2 }* 12 



nrn^T) 



11.25 



p>0,q>0 



i^Si* 1 ' 1 '-**) 



8V2 



2jF3 (~4' i' 2 » *' J J -^2/) 



—r K (2a-yjxy) sin (2b^xy) 

ITU 



^ K (2a^xy) cos (2&Vz2/) 



— -rK l {2a-yjxy) sin (2b^xy) 



2ir 



j= I {Ko(2aJxy)—<ia-y/xy K^ajxy)} 
Xcos (2b^xy) 
+2a(j-^JKo(2a^y') sin (26 V^/)] 



VD / r (VFg-«) 2 -6H 1/2 \ 

xZ U(Vm+«) 2 -* 2 J J 

2>>0, q>0,pq>b* 
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Part II. Two-Dimensional Inverse Laplace Transforms — Continued 

11. Inversion Formulas for D(k) — Continued 



1 1 9ft 


V 


fl-Vz L K °( 2a ^ xy ) cosh ( 2b ^ x v) 

— r K&dTjxy) sinh (2b^xy) 


1 1 . L\J 


[ (Vm+«) 2 -^ 2 ] 3/2 

p>0, q>0,pq>b 2 


1 1 97 


pq 


Xcosh (2b-yjxy) 


il. Zi 


[Upq+a) 2 -b 2 } 3/2 

XD \l(^q+a) 2 ~b 2 ] ) 
p>0,q>0,pq>b 2 



12. Some Inversion Formulas for Mixtures of Complete Elliptic Integrals 





f" fe-' x -«J(x,y)dxdy 

Jo Jo 


/(s, y) 


12. 1 


(2)2+a 2 )" 3/2 

X l 2 \VP2+a7 ^Wpa+aVj 

z>>o, e >o 


2-yJxy J (2a-ylxy) 


12.2 


(p 2 +a 2 )~ 3/4 

x HGI^V}n 
-*([i{^ID) 


— (x?y)- 1/4 [cos (2a-yJxy)T sin (2aVx?/)] 









37 



Part II. Two-Dimensional Inverse Laplace Transforms — Continued 
12. Some Inversion Formulas for Mixtures of Complete Elliptic Integrals — Continued 



12.3 



{(pq-a 2 +b 2 ) 2 +4a 2 pq}- 3/i 

pq— a 2 +b 2 



X{2tf([|u 



-*(D 



■yj(pq—a 2 + b 2 ) 2 -\-Aa 2 pq 



J") 



pq—a 2 +b 2 



J 



-yJ(pq—a 2 +b 2 ) 2 -\-4:a 2 pq 

p>0, q>0 



rJ (2a^xy) sin (26 V^) 



12.4 



Vffg-a 2 



V^Y(Vm+Vm-^ 2 ) 

x*([^-V^}D 
*([I|-V^ID 

P>0, q>0,pq>a 2 



^hMxy^iaJxy) 



Xj 



12. 5 



-yjpq—a 2 



Vm 3 (V^+Vm— a2 ) 

-(Gi-V^l)]'") 

#>0, q>0,pq>a 2 



^/|[/o 2 W^)+/i 2 (aV^) 



12.6 



■y/pq+a 2 



^(Vm+^+Vm) 2 



| -y I [^o 2 (a Vxy) - J i (ajxjj) 



XK 



( * 

\^pq+a 2 +-yjpq 



H 



-yjpq+a 2 +^jpqj 
p>0, q>0 



■ ^f^ Jo Mxy) J x (a V^) J 



12.7 



^pq+a 2 



^(Vm+^+Vm) 2 

\^pq+a 2 +^pqj \ 



^Jo(a^xy) Jiiajxy) 



■\Jpq+a 2 +-y/pqJ 
p>0, <z>0 
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